In this paper, the notion of (L, M )-fuzzy convex structures is introduced. It is a generalization of L-convex structures and M -fuzzifying convex structures. In our definition of (L, M )-fuzzy convex structures, each L-fuzzy subset can be regarded as an L-convex set to some degree. The notion of convexity preserving functions is also generalized to lattice-valued case. Moreover, under the framework of (L, M )-fuzzy convex structures, the concepts of quotient structures, substructures and products are presented and their fundamental properties are discussed. Finally, we create a functor ω from MYCS to LMCS and show that there exists an adjunction between MYCS and LMCS, where MYCS and LMCS denote the category of M -fuzzifying convex structures, and the category of (L, M )-fuzzy convex structures, respectively.
Introduction and preliminaries
Convexity theory has been accepted to be of increasing importance in recent years in the study of extremum problems in many areas of applied mathematics. The concept of convexity which was mainly defined and studied in R n in the pioneering works of Newton, Minkowski and others as described in [2] , now finds a place in Throughout this paper, unless otherwise stated, both L and M denote complete distributive lattices, I = [0, 1], 2 = {0, 1} and X is a nonempty set. L X is the set of all L-fuzzy sets (or L-sets for short) on X. We often do not distinguish a crisp subset A of X and its characteristic function χ A . The smallest element and the largest element in L X are denoted by χ ∅ and χ X , respectively. The smallest element and the largest element in M(L) are denoted by ⊥ M (⊥ L ) and ⊤ M (⊤ L ), respectively. We also adopt the convention that ∅ = ⊤ M .
The binary relation ≺ in M is defined as follows: for a, b ∈ M, a ≺ b if and only if for every subset D ⊆ M, the relation b ≤ sup D always implies the existence of d ∈ D with a ≤ d [4] . {a ∈ M : a ≺ b} is called the greatest minimal family of b in the sense of [28] , denoted by β(b). Moreover, the binary relation ≺ op in M is defined as follows: for a, b ∈ M, a ≺ op b if and only if for every subset D ⊆ M, the relation ∧D ≤ a always implies the existence of d ∈ D with d ≤ b. {b ∈ M : a ≺ op b} is called the greatest maximal family of a in the sense of [28] , denoted by α(a). In a completely distributive lattice M, there exist α(b) and β(b) for each b ∈ M, and b = β(b) = α(b) (see [28] ).
For a ∈ L and A ∈ L X , we use the following notations: (1) A [a] = {x ∈ X : a ≤ A(x)}. (2) A
[a] = {x ∈ X : a ∈ α(A(x))}. (3) A (a) = {x ∈ X : a ∈ β(A(x))}.
Some properties of these cut sets can be found in [7, 15, 20, 21] . A [b] .
Theorem 1.3 ([20]).
For a family of L-fuzzy sets {A i : i ∈ Ω} in L X and a ∈ L, we have:
[a] .
Definition 1.4 ([26])
. A subset C of 2 X is called a convexity if it satisfies the following conditions:
(C3) if {A i : i ∈ Ω} ⊆ C is nonempty and totally ordered by inclusion, then
The pair (X, C) is calld a convex structure and the elements in C are called convex sets.
Definition 1.5 ([13]
). For a nonempty set X and a subset C of L X , C is called an L-convexity if it satisfies the following conditions:
(LC3) if {A i : i ∈ Ω} ⊆ C is nonempty and totally ordered by inclusion, then
If C is an L-convexity on X, then the pair (X, C) is called an L-convex structure. When L = 2, an L-convexity is exactly an I-convex structure in [17, 18] .
Definition 1.6 ([23])
. A mapping C : 2 X → M is called an M-fuzzifying convexity on X if it satisfies the following conditions:
X is nonempty and totally ordered by inclusion, then C (
If C is an M-fuzzifying convexity on X, then the pair (X, C ) is called an Mfuzzifying convex structure. X → M be a mapping. The M-fuzzifying convex structure (X, C ) generated by ϕ is given by
where G denotes all the M-fuzzifying convexities on X. Then ϕ is called a subbase of the M-fuzzifying convexity C . Alternatively, we say that ϕ generates the convexity C ϕ .
A fuzzy sublattice A is said to be fuzzy convex if for every interval
Definition 1.10 ([2]
). Let G be a group. A fuzzy subset λ of G is said to be a fuzzy subgroup if
. Let G be an ordered group. A fuzzy subgroup λ of G is said to be a fuzzy convex subgroup if for every interval [a, b] ⊆ G and for all x ∈ [a, b], we have
(L, M )-fuzzy convex structures
In this section, combining the concepts of L-convex structures and M-fuzzifying convex structures, we introduce a general approach to the fuzzification of convex structures as follows.
-fuzzy convexity on X if it satisfies the following three conditions:
X is nonempty and totally ordered by inclusion, then
An (L, 2)-fuzzy convex structure is an L-convex structure. An (I, 2)-fuzzy convex structure can be viewed as an I-convex structure. A (2, M)-fuzzy convex structure is an M-fuzzifying convex structure. A crisp convex structure in [26] can be regarded as a (2, 2)-fuzzy convex structure.
If C is an (L, M)-fuzzy convexity, then C(A) can be regarded as the degree to which A is an L-convex set.
Next we give some examples of (L, M)-fuzzy convex structures, L-convex structures and M-fuzzifying convex structures, respectively. [10, 24] . If it satisfies the following conditions:
When L = 2 and M = I, an Alexandroff (L, M)-fuzzy topological space (X, T ) is an Alexandroff fuzzifying topological space in [6, 29] and it is an example of Mfuzzifying convex structures.
Example 2.3 ([5]
). An I-fuzzified set of all upper sets of a fuzzy preordered set (X, R) is a map ∇(R) : I X → I defined by
For a given fuzzy preorder R on X, ∇(R), the I-fuzzified set of all upper sets of (X, R) has the following properties: for all
where the binary function → is defined as follows:
The proof of (LMC3) is similar to that of (LMC2) and is omitted.
When M = 2, we obtain the following example.
Example 2.6. Let C denote the set of all fuzzy convex sublattices on L. It is easy to show that C is an I-convexity and (L, C) is an I-convex structure.
Example 2.7. Let G be an ordered group, and let C denote the set of all fuzzy convex subgroup on G. Then we can see that C is an I-convexity and (G, C) is an I-convex structure.
The next two theorems give characterizations of an (L, M)-fuzzy convexity.
)-fuzzy convexity if and only if for each
Proof. The proof is obvious and is omitted.
. We know that a / ∈ α(C(A i )) and then
(LMC3) Let {A i |i ∈ Ω} ⊆ L X be nonempty and totally ordered by inclusion, and let a / ∈ α(
is an L-convexity,
is nonempty and totally ordered by inclusion,
. The proof is completed.
Now we consider the conditions that a family of L-convexities forms an (L, M)-fuzzy convexity. By Theorem 1.2, we can obtain the following result.
Proof. The proof is straightforward and is omitted.
Proof. This is straightforward.
Theorem 2.14.
(L, M )-fuzzy convexity preserving functions
In this section, we shall generalize the notion of convexity preserving functions to lattice-valued setting.
A (2, M)-fuzzy convexity preserving function is an M-fuzzifying convexity preserving function in [23] .
X , which is totally ordered by inclusion, let a be any element in M with the property of
Since f is surjective and {A i : i ∈ Ω} is totally ordered by inclusion, we have {B i : i ∈ Ω} is totally ordered by inclusion. Note that f ← L i∈Ω
The following theorem gives a characterization of (L, M)-fuzzy convexity preserving functions.
for all B ∈ L Y . This shows that f : X → Y is an (L, M)-fuzzy convexity preserving function.
The following theorems are trivial. 
) is an L-convexity preserving function for any a ∈ α(⊥ M ).
Quotient (L, M )-fuzzy convex structures
In this section, the notions of quotient structures and quotient functions are generalized to lattice-valued setting. 
Proof. (LMC1) holds from the following equalities:
(LMC2) can be shown from the following fact: for any nonempty set
Y is nonempty and totally ordered by inclusion, then 
for each B ∈ L Y and then D is a quotient (L, M)-fuzzy convexity with respect to f and C.
By Theorem 4.1, we can obtain the following result.
Theorem 4.7. Let (X, C) be an (L, M)-fuzzy convex structure and R be an equivalence relation defined on X. Let X/R be the usual quotient set and let π be the projection map from
Corollary 4.8 ( [17, 18] ). Let X be any set and R be an equivalence relation defined on X. Let X/R be the usual quotient set and let π be the projection map from X to X/R. If (X, C) is an I-convex structure, then one can define an I-convexity D on X/R as follows:
Then D is an I-convexity on X/R and (X/R, D) is called the quotient I-convex structure .
Substructures and products of (L, M )-fuzzy convex structures
In this section, we give substructures and products of (L, M)-fuzzy convex structures and discuss some of their fundamental properties.
Proof. On the one hand, it is obvious that A|Y ⊆ co(A|Y ). Then A|Y = (A|Y )|Y ⊆ co(A|Y )|Y . On the other hand, A|Y ⊆ A. Hence co(A|Y ) ⊆ co(A) = A and then co(A|Y )|Y ⊆ co(A)|Y = A|Y . Therefore, co(A|Y )|Y = A|Y .
(2) For any nonempty set
where
which is nonempty and totally ordered by inclusion, we have
which is nonempty and totally ordered by inclusion, let a be any element in M\{⊥} with the property of
. By Theorem 1.7, for each a ∈ M\{⊥}, (X, C [a] ) is a convex structure. Let co a denote the hull operator of (X,
Y is nonempty and totally ordered by inclusion, {co a (A i ) : i ∈ Ω} is nonempty and totally ordered by inclusion. Hence, The pair (Y, C|Y ) is an I-convex substructure of (X, C).
So we have (C|Y )
By Theorem 2.14, we can give the following definition:
where H denotes all the (L, M)-fuzzy convexities on X. Then ϕ is called a subbase of the (L, M)-fuzzy convexity C. Alternatively, we say that ϕ generates the convexity C.
Based on Definition 5.4, we can define the product of (L, M)-fuzzy convex structures as follows:
Definition 5.5. Let {(X t , C t )} t∈T be a family of (L, M)-fuzzy convex structures. Let X be the product of the sets of X t for t ∈ T , and let π t : X → X t denote the projection for each t ∈ T . Define a maping ϕ :
Then the product convexity C of X is the one generated by the subbase ϕ. The resulting (L, M)-fuzzy convex structure (X, C) is called the product of {(X t , C t )} t∈T and is donated by
When L = [0, 1] and M = 2, we can obtain the following definition.
Definition 5.6 ( [17, 18] ). Let {(X t , C t )} t∈T be a family of I-convex structures. Let X be the product of the sets of X t for t ∈ T , and let π t : X → X t denote the projection for each t ∈ T . Then X can be equipped with the I-convexity C generated by the convex fuzzy sets of the form {(π t ) ← I (B) : B ∈ C t , t ∈ T }. Then C is called the product I-convexity for X and (X, C) is called the product I-convex structure.
Theorem 5.7. Let (X, C) be the product of {(X t , C t )} t∈T . Then ∀t ∈ T , π t : X → X t is an (L, M)-fuzzy convexity preserving function. Moreover, C is the coarsest (L, M)-fuzzy convex structure such that {π t : t ∈ T } are (L, M)-fuzzy convexity preserving functions.
Proof. Let t 0 ∈ T . ∀B ∈ L Xt 0 , by
By the arbitrariness of t 0 , we know ∀t ∈ T , π t : X → X t is an (L, M)-fuzzy convexity preserving function. If there is an (L, M)-fuzzy convex structure D on X such that ∀t ∈ T , π t : X → X t is an (L, M)-fuzzy convexity preserving function, then we need to prove
Relation between MYCS and LMCS
In this section, we discuss the relation between (L, M)-fuzzy convex structures and M-fuzzifying convex structures from a categorical aspect. (L, M)-fuzzy convex structures and their (L, M)-fuzzy convexity preserving functions form a category which is denoted by LMCS and M-fuzzifying convex structures and their Mfuzzifying convexity preserving functions form a category which is denoted by MYCS. Moreover, we create a functor ω from MYCS to LMCS and show that there exists an adjunction between MYCS and LMCS. We always suppose that
(LMC3) For any set {A i : i ∈ Ω} ⊆ L X , which is nonempty and totally ordered by inclusion, we need to prove that ω(C )
h. Then we have for any i ∈ Ω and for any a ∈ L, C ((
. Since (X, C ) is an M-fuzzifying convex structure, by Theorem 1.7, for each
) is a convex structure. By Theorems 1.2 and 1.3, we know that
By Lemma 6.1, for each b ∈ β(a) and for each i ∈ Ω, {(
is up-directed. Then by Definition 1.4, we have
for each i ∈ Ω. Since {A i : i ∈ Ω} is totally ordered, we obtain {B i : i ∈ Ω} is totally ordered. Then i∈Ω b∈β(c)
By the arbitrariness of h, Proof. Necessity. Suppose that f :
we can prove the necessity. D) is an M-fuzzifying convexity preserving function, we need to prove
This shows that f :
is an M-fuzzifying convexity preserving function.
We can obtain an M-fuzzifying convex structure ι(C) on X generated by the subbase ϕ C (U) : 2 X → M defined as follows:
Proof. We observe that for every M-fuzzifying convex structure C on X the relation ϕ ω(C ) (U) ≥ C (U) holds for all U ∈ 2 X . In fact, it could be showed by
Thus, ι(ω(C )) ≥ C , i.e., ι • ω ≥ id. Conversely, let U ∈ 2 X and take any a ∈ L. Then for each B ∈ L X with B Based on the above results, we finally obtain the following theorem.
Theorem 6.6. There exists an adjunction between MYCS and LMCS.
Conclusion
In this paper, combining L-convex structures [13, 17, 18] and M-fuzzifying convex structures [23] and based on complete distributive lattices L and M, we present a more general approach to the fuzzification of convex structures. It is a generalization of L-convex structures and M-fuzzifying convex structures. Under the framework of (L, M)-fuzzy convex structures, the concepts of quotient structures, substructures and products are presented and their fundamental properties are discussed.
The notion of convexity preserving functions is also generalized to lattice-valued fuzzy setting and then an (L, M)-fuzzy convexity preserving function is obtained. Thus there are two categories LMCS and MYCS, where LMCS consists of all (L, M)-fuzzy convex structures and of all (L, M)-fuzzy convexity preserving functions, and MYCS consists of all M-fuzzifying convex structures and of all M-fuzzifying convexity preserving functions. Moreover, we create a functor ω from MYCS to LMCS and show that there exists an adjunction between MYCS and LMCS.
The above facts will be useful to help further investigations and it is possible that the fuzzification of convex structure would be applied to some problems related to the theory of abstract convexity in the future.
